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Three-phase contact lines are everywhere in nature and industry.  

Wetting phenomena play a major role in the dynamics of complex systems.    
   

Particles in oil suspension 
Koos et. al, Science, 2014  
 

Two-phase flow through porous media 

Motivation 

Hydrate formation. Water drop in cyclopentane, 0.1% Span 80 
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Contact line 
motion 

The crucial role of wetting  
Understanding the dynamics on multiple scales 

Suspension Pair problem 

micro macro 

Zylyftari et al. Chem. Eng Sci. 2013  
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Contact line 
motion 
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The paradox of the moving contact line 

Huh and Scriven (1971) : classical hydrodynamic description breaks down at the 
contact line 
 
No-slip condition     Stress singularity 
 

Microscopic effects have to be included!   Multiscale problem 
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�  Hydrodynamic theory 
Slip condition near the contact line 
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�  Molecular kinetic theory 
Attachment / Detachment process 

 

 

�  Diffuse interface modeling 

 

Interface of finite thickness 

Order parameter (e.g. composition c) 

Energy based approach 

 

 

 

 

Liquid 2 Liquid 1 

diffusion 

Overcoming the stress singularity 
Main models in the literature 

Molecules 
jumping 

U 
Inner domain: 
Navier slip Classical 

model U 

(Huh and Scriven, 1971, Dussan, 1976) (Blake, 1969) 

(Rowlinson, 1979, Jacqmin, 2000) 

rc
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How does the DI model handle the stress singularity? 
 

 

How to describe the capillary forces within the DI framework? 
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Approach 

1. Implementation and validation on a simple system 
 

 

 

 

 

 
 

2. Extension to more complex systems 
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θ 

Fixed 

Fixed 
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Free to move 

Fixed 
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U 

U 

U 

Numerical and analytical approaches 

(…) 
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�  Cahn Hilliard model for binary fluids 
 

Helmholtz free energy (Cahn and Hilliard, 1958) 

 
Thermodynamic equilibrium 

 

�  Three-phase contact line 
 

Additional wall free energy Ψs(cs) =>     (contact angle)  

 

�  Dynamics 
 

     Cahn-Hilliard equation 
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Diffuse interface theory 
Formulation 

F (c,rc) = F 0(c) +


2
(rc)2 fluid 2
fluid 1


n 
rc
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�  Discrete Boltzmann equation for Cahn Hilliard fluid (He et al.,1998) 
 
 
 

Intermolecular force: 
 

 

�  Relaxation towards equilibrium 

 
 

 

 

 
 

θi 

Fixed 

Fixed 

θeq 

Fixed 

Fixed 

 θi=90°  θeq=45° 

Lattice Boltzmann simulations 
Test Case 
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Liquid / liquid interface 
2D system 
Symmetry 
No hysteresis 
No gravity 

@f↵
@t

+ e↵ ·rf↵ = �f↵ � feq
↵

�
+

(e↵ � u) · F
⇢c2s

feq

Dynamic pressure 

F = r⇢c2s � (rp� Crµ)
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Generalized chemical potential 
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Lattice Boltzmann simulations 
Results 
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Mechanisms 
 
 

Boundary 

Condition 

  

 

 

 
Relaxation to  

equilibrium 

shape 

 

 

 

rµ ! 0

✓ ! ✓e

Pressure at the centerline 

 Moving contact line ✓    Expected equilibrium  ✓     
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Capillary forces within the DI framework 
Analytical Approach 

Capillary forces 

 Macroscopic description    Diffuse interface modeling  (Anderson, 1997)  

Fc = Fs + Fp

Normal component (y-direction): 
 Fc,y = 2� sin ✓ � 2R0�P

�P =
�

rm
(Laplace) 

Fc =

Z 1

x=0
T|

s

· ey dx

 Surface tension 

Macroscopic force is recovered with: 
 

T =


�p0 +

1

2
|rc|2

�
I�  rc⌦rc
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Capillary forces within the DI framework 
Analytical Approach 

Capillary forces 

 Macroscopic description    Diffuse interface modeling  (Anderson, 1997)  

Fc = Fs + Fp

Normal component (y-direction): 
 Fc,y = 2� sin ✓ � 2R0�P

�P =
�

rm
(Laplace) 

Fc =

Z 1

x=0
T|

s

· ey dx

 Surface tension 

Macroscopic force is recovered with: 
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2
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Molecular theory 

Surface tension 
= normal stress 

difference 

Macroscopic 

Fc = Fs + Fp

Laplace equation Capillary  
stress tensor 
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⇤
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Diffuse interface 
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Local distribution of the tension force directly incorporated in the code 

              
1.  Pressure force: Laplace equation is recovered  
 
2.  Surface tension force (on the bottom plate): 

19-Jun-18 

Capillary forces within the DI framework 
Numerical Approach 

�P =
�

rm

tan ✓eq = |FN/FT |
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Test case 
Discussion 

θ 

Fixed 

Fixed 

Description of the capillary forces 

-  Surface tension = excess energy in the interface  
-  Volumetric force directly in the code 
 

à Role of wetting phenomena in the dynamics? 

Moving contact line 

-  Implementation of the LB model  
-  Validation  
-  Mechanisms 
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Towards more complex systems 
Motivation 

θ 

Fixed 

Fixed 

Test Case 

Description of the capillary forces Moving contact line 

θ

Fixed 

Moving 

Collapses! 
θ 

U 

U Couette geometry 
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Couette flow with a liquid bridge 
Pure fluid case 

θ 

U 

U 

Flow field at steady state Stagnation point near the contact line 

Re ⌧ 1, Bo = 0
<latexit sha1_base64="wJy/rX4wF8+NKa1Vw3XixW+bNP8=">AAAB9HicbVBNSwMxEM3Wr1q/qh69BIvgQcquCOpBKHrxWMW1hXYt2XS2Dc0mS5JVytL/4cWDild/jDf/jWm7B219MPB4b4aZeWHCmTau++0UFhaXlleKq6W19Y3NrfL2zr2WqaLgU8mlaoZEA2cCfMMMh2aigMQhh0Y4uBr7jUdQmklxZ4YJBDHpCRYxSoyVHm4BtznH3hG+lBdup1xxq+4EeJ54OamgHPVO+avdlTSNQRjKidYtz01MkBFlGOUwKrVTDQmhA9KDlqWCxKCDbHL1CB9YpYsjqWwJgyfq74mMxFoP49B2xsT09aw3Fv/zWqmJzoKMiSQ1IOh0UZRybCQeR4C7TAE1fGgJoYrZWzHtE0WosUGVbAje7MvzxD+unle9m5NKrZmnUUR7aB8dIg+dohq6RnXkI4oUekav6M15cl6cd+dj2lpw8pld9AfO5w9VAJC2</latexit><latexit sha1_base64="wJy/rX4wF8+NKa1Vw3XixW+bNP8=">AAAB9HicbVBNSwMxEM3Wr1q/qh69BIvgQcquCOpBKHrxWMW1hXYt2XS2Dc0mS5JVytL/4cWDild/jDf/jWm7B219MPB4b4aZeWHCmTau++0UFhaXlleKq6W19Y3NrfL2zr2WqaLgU8mlaoZEA2cCfMMMh2aigMQhh0Y4uBr7jUdQmklxZ4YJBDHpCRYxSoyVHm4BtznH3hG+lBdup1xxq+4EeJ54OamgHPVO+avdlTSNQRjKidYtz01MkBFlGOUwKrVTDQmhA9KDlqWCxKCDbHL1CB9YpYsjqWwJgyfq74mMxFoP49B2xsT09aw3Fv/zWqmJzoKMiSQ1IOh0UZRybCQeR4C7TAE1fGgJoYrZWzHtE0WosUGVbAje7MvzxD+unle9m5NKrZmnUUR7aB8dIg+dohq6RnXkI4oUekav6M15cl6cd+dj2lpw8pld9AfO5w9VAJC2</latexit><latexit sha1_base64="wJy/rX4wF8+NKa1Vw3XixW+bNP8=">AAAB9HicbVBNSwMxEM3Wr1q/qh69BIvgQcquCOpBKHrxWMW1hXYt2XS2Dc0mS5JVytL/4cWDild/jDf/jWm7B219MPB4b4aZeWHCmTau++0UFhaXlleKq6W19Y3NrfL2zr2WqaLgU8mlaoZEA2cCfMMMh2aigMQhh0Y4uBr7jUdQmklxZ4YJBDHpCRYxSoyVHm4BtznH3hG+lBdup1xxq+4EeJ54OamgHPVO+avdlTSNQRjKidYtz01MkBFlGOUwKrVTDQmhA9KDlqWCxKCDbHL1CB9YpYsjqWwJgyfq74mMxFoP49B2xsT09aw3Fv/zWqmJzoKMiSQ1IOh0UZRybCQeR4C7TAE1fGgJoYrZWzHtE0WosUGVbAje7MvzxD+unle9m5NKrZmnUUR7aB8dIg+dohq6RnXkI4oUekav6M15cl6cd+dj2lpw8pld9AfO5w9VAJC2</latexit><latexit sha1_base64="wJy/rX4wF8+NKa1Vw3XixW+bNP8=">AAAB9HicbVBNSwMxEM3Wr1q/qh69BIvgQcquCOpBKHrxWMW1hXYt2XS2Dc0mS5JVytL/4cWDild/jDf/jWm7B219MPB4b4aZeWHCmTau++0UFhaXlleKq6W19Y3NrfL2zr2WqaLgU8mlaoZEA2cCfMMMh2aigMQhh0Y4uBr7jUdQmklxZ4YJBDHpCRYxSoyVHm4BtznH3hG+lBdup1xxq+4EeJ54OamgHPVO+avdlTSNQRjKidYtz01MkBFlGOUwKrVTDQmhA9KDlqWCxKCDbHL1CB9YpYsjqWwJgyfq74mMxFoP49B2xsT09aw3Fv/zWqmJzoKMiSQ1IOh0UZRybCQeR4C7TAE1fGgJoYrZWzHtE0WosUGVbAje7MvzxD+unle9m5NKrZmnUUR7aB8dIg+dohq6RnXkI4oUekav6M15cl6cd+dj2lpw8pld9AfO5w9VAJC2</latexit>

Ca = 0.03, µ1/µ2 = 1, Cn = 0.04, ✓S = 90
<latexit sha1_base64="zw7VYvSdo7Ok4vPvsBlLT2H0bAk=">AAACFHicbZDNTgIxFIU7/iL+oS7dNBITFwRnkERZkJCwcYnRERKYTDqlQEOnM2nvmBDCS7jxVdy4UOPWhTvfxg6wUPAmbU6+c2/ae4JYcA22/W2trK6tb2xmtrLbO7t7+7mDw3sdJYoyl0YiUq2AaCa4ZC5wEKwVK0bCQLBmMKynfvOBKc0jeQejmHkh6Uve45SAQX6uUCdVu2hfFHAnTHznPL1LVaeA6zLlZcNhwID4t9WK7efyhk0LLwtnLvJoXg0/99XpRjQJmQQqiNZtx47BGxMFnAo2yXYSzWJCh6TP2kZKEjLtjadbTfCpIV3ci5Q5EvCU/p4Yk1DrURiYzpDAQC96KfzPayfQu/LGXMYJMElnD/USgSHCaUS4yxWjIEZGEKq4+SumA6IIBRNk1oTgLK68LNxSsVJ0bsr5WmueRgYdoxN0hhx0iWroGjWQiyh6RM/oFb1ZT9aL9W59zFpXrPnMEfpT1ucP1wuahw==</latexit><latexit sha1_base64="zw7VYvSdo7Ok4vPvsBlLT2H0bAk=">AAACFHicbZDNTgIxFIU7/iL+oS7dNBITFwRnkERZkJCwcYnRERKYTDqlQEOnM2nvmBDCS7jxVdy4UOPWhTvfxg6wUPAmbU6+c2/ae4JYcA22/W2trK6tb2xmtrLbO7t7+7mDw3sdJYoyl0YiUq2AaCa4ZC5wEKwVK0bCQLBmMKynfvOBKc0jeQejmHkh6Uve45SAQX6uUCdVu2hfFHAnTHznPL1LVaeA6zLlZcNhwID4t9WK7efyhk0LLwtnLvJoXg0/99XpRjQJmQQqiNZtx47BGxMFnAo2yXYSzWJCh6TP2kZKEjLtjadbTfCpIV3ci5Q5EvCU/p4Yk1DrURiYzpDAQC96KfzPayfQu/LGXMYJMElnD/USgSHCaUS4yxWjIEZGEKq4+SumA6IIBRNk1oTgLK68LNxSsVJ0bsr5WmueRgYdoxN0hhx0iWroGjWQiyh6RM/oFb1ZT9aL9W59zFpXrPnMEfpT1ucP1wuahw==</latexit><latexit sha1_base64="zw7VYvSdo7Ok4vPvsBlLT2H0bAk=">AAACFHicbZDNTgIxFIU7/iL+oS7dNBITFwRnkERZkJCwcYnRERKYTDqlQEOnM2nvmBDCS7jxVdy4UOPWhTvfxg6wUPAmbU6+c2/ae4JYcA22/W2trK6tb2xmtrLbO7t7+7mDw3sdJYoyl0YiUq2AaCa4ZC5wEKwVK0bCQLBmMKynfvOBKc0jeQejmHkh6Uve45SAQX6uUCdVu2hfFHAnTHznPL1LVaeA6zLlZcNhwID4t9WK7efyhk0LLwtnLvJoXg0/99XpRjQJmQQqiNZtx47BGxMFnAo2yXYSzWJCh6TP2kZKEjLtjadbTfCpIV3ci5Q5EvCU/p4Yk1DrURiYzpDAQC96KfzPayfQu/LGXMYJMElnD/USgSHCaUS4yxWjIEZGEKq4+SumA6IIBRNk1oTgLK68LNxSsVJ0bsr5WmueRgYdoxN0hhx0iWroGjWQiyh6RM/oFb1ZT9aL9W59zFpXrPnMEfpT1ucP1wuahw==</latexit><latexit sha1_base64="zw7VYvSdo7Ok4vPvsBlLT2H0bAk=">AAACFHicbZDNTgIxFIU7/iL+oS7dNBITFwRnkERZkJCwcYnRERKYTDqlQEOnM2nvmBDCS7jxVdy4UOPWhTvfxg6wUPAmbU6+c2/ae4JYcA22/W2trK6tb2xmtrLbO7t7+7mDw3sdJYoyl0YiUq2AaCa4ZC5wEKwVK0bCQLBmMKynfvOBKc0jeQejmHkh6Uve45SAQX6uUCdVu2hfFHAnTHznPL1LVaeA6zLlZcNhwID4t9WK7efyhk0LLwtnLvJoXg0/99XpRjQJmQQqiNZtx47BGxMFnAo2yXYSzWJCh6TP2kZKEjLtjadbTfCpIV3ci5Q5EvCU/p4Yk1DrURiYzpDAQC96KfzPayfQu/LGXMYJMElnD/USgSHCaUS4yxWjIEZGEKq4+SumA6IIBRNk1oTgLK68LNxSsVJ0bsr5WmueRgYdoxN0hhx0iWroGjWQiyh6RM/oFb1ZT9aL9W59zFpXrPnMEfpT1ucP1wuahw==</latexit>
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Couette flow with a liquid bridge 
  
1.  Realistic interface thickness – not computationally feasible 

 

 

 

 

 
2.  Role of mobility parameter 

@c

@t
+r · (vc) = Mr2

�
µ0 � r2c

�
<latexit sha1_base64="kEBFpI+LjR/MH5PdKAezScA/LWA="></latexit><latexit sha1_base64="kEBFpI+LjR/MH5PdKAezScA/LWA="></latexit><latexit sha1_base64="kEBFpI+LjR/MH5PdKAezScA/LWA="></latexit><latexit sha1_base64="kEBFpI+LjR/MH5PdKAezScA/LWA="></latexit>

Composition Chemical potential 

=> Mapping from molecular dynamics simulations 

Cox-Voinov law: 

g(✓app) = g(✓E) + Ca ln(x/Ls)
<latexit sha1_base64="Hi7Ovrb8FBR8+Kya17NCLIQtrJo=">AAACFXicbVBNSwMxEM3W7/pV9eglWIQWse6KoB4EQQQPHipYLbRlmU3TNpjNLsmsWJb+Ci/+FS8eVLwK3vw3ph+IWh8MvLw3Q2ZeEEth0HU/nczE5NT0zOxcdn5hcWk5t7J6ZaJEM15hkYx0NQDDpVC8ggIlr8aaQxhIfh3cnPT961uujYjUJXZj3gihrURLMEAr+bntdqGOHY7gpxDHveLR9/u0uHUCtC4VLdA7ukPPfVP0c3m35A5Ax4k3InkyQtnPfdSbEUtCrpBJMKbmuTE2UtAomOS9bD0xPAZ2A21es1RByE0jHZzVo5tWadJWpG0ppAP150QKoTHdMLCdIWDH/PX64n9eLcHWQSMVKk6QKzb8qJVIihHtZ0SbQnOGsmsJMC3srpR1QANDm2TWhuD9PXmcVHZLhyXvYi9/XB2lMUvWyQYpEI/sk2NyRsqkQhi5J4/kmbw4D86T8+q8DVszzmhmjfyC8/4F1Iac3w==</latexit><latexit sha1_base64="Hi7Ovrb8FBR8+Kya17NCLIQtrJo=">AAACFXicbVBNSwMxEM3W7/pV9eglWIQWse6KoB4EQQQPHipYLbRlmU3TNpjNLsmsWJb+Ci/+FS8eVLwK3vw3ph+IWh8MvLw3Q2ZeEEth0HU/nczE5NT0zOxcdn5hcWk5t7J6ZaJEM15hkYx0NQDDpVC8ggIlr8aaQxhIfh3cnPT961uujYjUJXZj3gihrURLMEAr+bntdqGOHY7gpxDHveLR9/u0uHUCtC4VLdA7ukPPfVP0c3m35A5Ax4k3InkyQtnPfdSbEUtCrpBJMKbmuTE2UtAomOS9bD0xPAZ2A21es1RByE0jHZzVo5tWadJWpG0ppAP150QKoTHdMLCdIWDH/PX64n9eLcHWQSMVKk6QKzb8qJVIihHtZ0SbQnOGsmsJMC3srpR1QANDm2TWhuD9PXmcVHZLhyXvYi9/XB2lMUvWyQYpEI/sk2NyRsqkQhi5J4/kmbw4D86T8+q8DVszzmhmjfyC8/4F1Iac3w==</latexit><latexit sha1_base64="Hi7Ovrb8FBR8+Kya17NCLIQtrJo=">AAACFXicbVBNSwMxEM3W7/pV9eglWIQWse6KoB4EQQQPHipYLbRlmU3TNpjNLsmsWJb+Ci/+FS8eVLwK3vw3ph+IWh8MvLw3Q2ZeEEth0HU/nczE5NT0zOxcdn5hcWk5t7J6ZaJEM15hkYx0NQDDpVC8ggIlr8aaQxhIfh3cnPT961uujYjUJXZj3gihrURLMEAr+bntdqGOHY7gpxDHveLR9/u0uHUCtC4VLdA7ukPPfVP0c3m35A5Ax4k3InkyQtnPfdSbEUtCrpBJMKbmuTE2UtAomOS9bD0xPAZ2A21es1RByE0jHZzVo5tWadJWpG0ppAP150QKoTHdMLCdIWDH/PX64n9eLcHWQSMVKk6QKzb8qJVIihHtZ0SbQnOGsmsJMC3srpR1QANDm2TWhuD9PXmcVHZLhyXvYi9/XB2lMUvWyQYpEI/sk2NyRsqkQhi5J4/kmbw4D86T8+q8DVszzmhmjfyC8/4F1Iac3w==</latexit><latexit sha1_base64="Hi7Ovrb8FBR8+Kya17NCLIQtrJo=">AAACFXicbVBNSwMxEM3W7/pV9eglWIQWse6KoB4EQQQPHipYLbRlmU3TNpjNLsmsWJb+Ci/+FS8eVLwK3vw3ph+IWh8MvLw3Q2ZeEEth0HU/nczE5NT0zOxcdn5hcWk5t7J6ZaJEM15hkYx0NQDDpVC8ggIlr8aaQxhIfh3cnPT961uujYjUJXZj3gihrURLMEAr+bntdqGOHY7gpxDHveLR9/u0uHUCtC4VLdA7ukPPfVP0c3m35A5Ax4k3InkyQtnPfdSbEUtCrpBJMKbmuTE2UtAomOS9bD0xPAZ2A21es1RByE0jHZzVo5tWadJWpG0ppAP150QKoTHdMLCdIWDH/PX64n9eLcHWQSMVKk6QKzb8qJVIihHtZ0SbQnOGsmsJMC3srpR1QANDm2TWhuD9PXmcVHZLhyXvYi9/XB2lMUvWyQYpEI/sk2NyRsqkQhi5J4/kmbw4D86T8+q8DVszzmhmjfyC8/4F1Iac3w==</latexit>
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Conclusion 
 A computational tool to understand the role of wetting 

 in the multiscale dynamics of three-phase systems  

Ongoing work – Towards multi body systems 

Moving contact lines and capillary forces 

Molecular theory Macroscopic 

Fc = Fs + Fp T =
⇥
�P0 + ⇢r2⇢+ 1/2|r⇢|2

⇤
I�  r⇢r⇢

Diffuse interface 
� =

Z
|rcs|2dr
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19-Jun-18 

Couette flow with a liquid bridge 
What is driving the contact line? 

Role of mobility parameter? @c

@t
+r · (vc) = Mr2

�
µ0 � r2c

�
<latexit sha1_base64="kEBFpI+LjR/MH5PdKAezScA/LWA="></latexit><latexit sha1_base64="kEBFpI+LjR/MH5PdKAezScA/LWA="></latexit><latexit sha1_base64="kEBFpI+LjR/MH5PdKAezScA/LWA="></latexit><latexit sha1_base64="kEBFpI+LjR/MH5PdKAezScA/LWA="></latexit>

S is a dimensionless diffusion length. It is 
governing the contact line motion! 
How to choose M ?   

X / W
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S ! 1
<latexit sha1_base64="kDGv1pAmdGQhWUDJSZnRtvCwpQw=">AAAB8nicbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3gxWNFYwtNKJvtpl262YTdiVBC/4YXDype/TXe/Ddu2xy09cHA470ZZuZFmRQGXffbWVldW9/YrGxVt3d29/ZrB4ePJs014z5LZao7ETVcCsV9FCh5J9OcJpHk7Wh0M/XbT1wbkaoHHGc8TOhAiVgwilYK7kmAKQmEinHcq9XdhjsDWSZeSepQotWrfQX9lOUJV8gkNabruRmGBdUomOSTapAbnlE2ogPetVTRhJuwmN08IadW6ZM41bYUkpn6e6KgiTHjJLKdCcWhWfSm4n9eN8f4KiyEynLkis0Xxbkk9s9pAKQvNGcox5ZQpoW9lbAh1ZShjalqQ/AWX14m/nnjuuHdXdSbnTKNChzDCZyBB5fQhFtogQ8MMniGV3hzcufFeXc+5q0rTjlzBH/gfP4A4uWRNA==</latexit><latexit sha1_base64="kDGv1pAmdGQhWUDJSZnRtvCwpQw=">AAAB8nicbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3gxWNFYwtNKJvtpl262YTdiVBC/4YXDype/TXe/Ddu2xy09cHA470ZZuZFmRQGXffbWVldW9/YrGxVt3d29/ZrB4ePJs014z5LZao7ETVcCsV9FCh5J9OcJpHk7Wh0M/XbT1wbkaoHHGc8TOhAiVgwilYK7kmAKQmEinHcq9XdhjsDWSZeSepQotWrfQX9lOUJV8gkNabruRmGBdUomOSTapAbnlE2ogPetVTRhJuwmN08IadW6ZM41bYUkpn6e6KgiTHjJLKdCcWhWfSm4n9eN8f4KiyEynLkis0Xxbkk9s9pAKQvNGcox5ZQpoW9lbAh1ZShjalqQ/AWX14m/nnjuuHdXdSbnTKNChzDCZyBB5fQhFtogQ8MMniGV3hzcufFeXc+5q0rTjlzBH/gfP4A4uWRNA==</latexit><latexit sha1_base64="kDGv1pAmdGQhWUDJSZnRtvCwpQw=">AAAB8nicbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3gxWNFYwtNKJvtpl262YTdiVBC/4YXDype/TXe/Ddu2xy09cHA470ZZuZFmRQGXffbWVldW9/YrGxVt3d29/ZrB4ePJs014z5LZao7ETVcCsV9FCh5J9OcJpHk7Wh0M/XbT1wbkaoHHGc8TOhAiVgwilYK7kmAKQmEinHcq9XdhjsDWSZeSepQotWrfQX9lOUJV8gkNabruRmGBdUomOSTapAbnlE2ogPetVTRhJuwmN08IadW6ZM41bYUkpn6e6KgiTHjJLKdCcWhWfSm4n9eN8f4KiyEynLkis0Xxbkk9s9pAKQvNGcox5ZQpoW9lbAh1ZShjalqQ/AWX14m/nnjuuHdXdSbnTKNChzDCZyBB5fQhFtogQ8MMniGV3hzcufFeXc+5q0rTjlzBH/gfP4A4uWRNA==</latexit><latexit sha1_base64="kDGv1pAmdGQhWUDJSZnRtvCwpQw=">AAAB8nicbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3gxWNFYwtNKJvtpl262YTdiVBC/4YXDype/TXe/Ddu2xy09cHA470ZZuZFmRQGXffbWVldW9/YrGxVt3d29/ZrB4ePJs014z5LZao7ETVcCsV9FCh5J9OcJpHk7Wh0M/XbT1wbkaoHHGc8TOhAiVgwilYK7kmAKQmEinHcq9XdhjsDWSZeSepQotWrfQX9lOUJV8gkNabruRmGBdUomOSTapAbnlE2ogPetVTRhJuwmN08IadW6ZM41bYUkpn6e6KgiTHjJLKdCcWhWfSm4n9eN8f4KiyEynLkis0Xxbkk9s9pAKQvNGcox5ZQpoW9lbAh1ZShjalqQ/AWX14m/nnjuuHdXdSbnTKNChzDCZyBB5fQhFtogQ8MMniGV3hzcufFeXc+5q0rTjlzBH/gfP4A4uWRNA==</latexit>

S ! 0
<latexit sha1_base64="lZS2WEUrOVkp/aKv0WYJ6UALScU=">AAAB7XicbVBNS8NAFHypX7V+VT16WSyCp5KIUL0VvHisaGyhDWWzfWmXbjZhdyOU0B/hxYOKV/+PN/+N2zYHbR1YGGbeY99MmAqujet+O6W19Y3NrfJ2ZWd3b/+genj0qJNMMfRZIhLVCalGwSX6hhuBnVQhjUOB7XB8M/PbT6g0T+SDmaQYxHQoecQZNVZq35OeSYjbr9bcujsHWSVeQWpQoNWvfvUGCctilIYJqnXXc1MT5FQZzgROK71MY0rZmA6xa6mkMeogn587JWdWGZAoUfZJQ+bq742cxlpP4tBOxtSM9LI3E//zupmJroKcyzQzKNnioygTxEacZScDrpAZMbGEMsXtrYSNqKLM2IYqtgRvOfIq8S/q13Xv7rLW7BRtlOEETuEcPGhAE26hBT4wGMMzvMKbkzovzrvzsRgtOcXOMfyB8/kDktSOrA==</latexit><latexit sha1_base64="lZS2WEUrOVkp/aKv0WYJ6UALScU=">AAAB7XicbVBNS8NAFHypX7V+VT16WSyCp5KIUL0VvHisaGyhDWWzfWmXbjZhdyOU0B/hxYOKV/+PN/+N2zYHbR1YGGbeY99MmAqujet+O6W19Y3NrfJ2ZWd3b/+genj0qJNMMfRZIhLVCalGwSX6hhuBnVQhjUOB7XB8M/PbT6g0T+SDmaQYxHQoecQZNVZq35OeSYjbr9bcujsHWSVeQWpQoNWvfvUGCctilIYJqnXXc1MT5FQZzgROK71MY0rZmA6xa6mkMeogn587JWdWGZAoUfZJQ+bq742cxlpP4tBOxtSM9LI3E//zupmJroKcyzQzKNnioygTxEacZScDrpAZMbGEMsXtrYSNqKLM2IYqtgRvOfIq8S/q13Xv7rLW7BRtlOEETuEcPGhAE26hBT4wGMMzvMKbkzovzrvzsRgtOcXOMfyB8/kDktSOrA==</latexit><latexit sha1_base64="lZS2WEUrOVkp/aKv0WYJ6UALScU=">AAAB7XicbVBNS8NAFHypX7V+VT16WSyCp5KIUL0VvHisaGyhDWWzfWmXbjZhdyOU0B/hxYOKV/+PN/+N2zYHbR1YGGbeY99MmAqujet+O6W19Y3NrfJ2ZWd3b/+genj0qJNMMfRZIhLVCalGwSX6hhuBnVQhjUOB7XB8M/PbT6g0T+SDmaQYxHQoecQZNVZq35OeSYjbr9bcujsHWSVeQWpQoNWvfvUGCctilIYJqnXXc1MT5FQZzgROK71MY0rZmA6xa6mkMeogn587JWdWGZAoUfZJQ+bq742cxlpP4tBOxtSM9LI3E//zupmJroKcyzQzKNnioygTxEacZScDrpAZMbGEMsXtrYSNqKLM2IYqtgRvOfIq8S/q13Xv7rLW7BRtlOEETuEcPGhAE26hBT4wGMMzvMKbkzovzrvzsRgtOcXOMfyB8/kDktSOrA==</latexit><latexit sha1_base64="lZS2WEUrOVkp/aKv0WYJ6UALScU=">AAAB7XicbVBNS8NAFHypX7V+VT16WSyCp5KIUL0VvHisaGyhDWWzfWmXbjZhdyOU0B/hxYOKV/+PN/+N2zYHbR1YGGbeY99MmAqujet+O6W19Y3NrfJ2ZWd3b/+genj0qJNMMfRZIhLVCalGwSX6hhuBnVQhjUOB7XB8M/PbT6g0T+SDmaQYxHQoecQZNVZq35OeSYjbr9bcujsHWSVeQWpQoNWvfvUGCctilIYJqnXXc1MT5FQZzgROK71MY0rZmA6xa6mkMeogn587JWdWGZAoUfZJQ+bq742cxlpP4tBOxtSM9LI3E//zupmJroKcyzQzKNnioygTxEacZScDrpAZMbGEMsXtrYSNqKLM2IYqtgRvOfIq8S/q13Xv7rLW7BRtlOEETuEcPGhAE26hBT4wGMMzvMKbkzovzrvzsRgtOcXOMfyB8/kDktSOrA==</latexit>

Perfect “slip” of the CL 

No “slip” of the CL 

Contour lines of the generalized chemical potential 

The “diffusion region” scales as:  

S =

p
µlM

W
<latexit sha1_base64="M6IQyC2DId0YRGGrM3fiLfOZE5I=">AAACBHicbVBNS8NAEN34WetX1KMeFovgqSQiqAeh4MWLUNHYQhPCZrtpl+5u4u5GKCEXL/4VLx5UvPojvPlv3LY5aOuDgcd7M8zMi1JGlXacb2tufmFxabmyUl1dW9/YtLe271SSSUw8nLBEtiOkCKOCeJpqRtqpJIhHjLSiwcXIbz0QqWgibvUwJQFHPUFjipE2Umjv3ZxDvxtLhHNf3Uud+zwLGbwqirxVhHbNqTtjwFnilqQGSjRD+8vvJjjjRGjMkFId10l1kCOpKWakqPqZIinCA9QjHUMF4kQF+fiLAh4YpQvjRJoSGo7V3xM54koNeWQ6OdJ9Ne2NxP+8Tqbj0yCnIs00EXiyKM4Y1AkcRQK7VBKs2dAQhCU1t0LcRyYSbYKrmhDc6ZdniXdUP6u718e1RrtMowJ2wT44BC44AQ1wCZrAAxg8gmfwCt6sJ+vFerc+Jq1zVjmzA/7A+vwBDoSYlA==</latexit><latexit sha1_base64="M6IQyC2DId0YRGGrM3fiLfOZE5I=">AAACBHicbVBNS8NAEN34WetX1KMeFovgqSQiqAeh4MWLUNHYQhPCZrtpl+5u4u5GKCEXL/4VLx5UvPojvPlv3LY5aOuDgcd7M8zMi1JGlXacb2tufmFxabmyUl1dW9/YtLe271SSSUw8nLBEtiOkCKOCeJpqRtqpJIhHjLSiwcXIbz0QqWgibvUwJQFHPUFjipE2Umjv3ZxDvxtLhHNf3Uud+zwLGbwqirxVhHbNqTtjwFnilqQGSjRD+8vvJjjjRGjMkFId10l1kCOpKWakqPqZIinCA9QjHUMF4kQF+fiLAh4YpQvjRJoSGo7V3xM54koNeWQ6OdJ9Ne2NxP+8Tqbj0yCnIs00EXiyKM4Y1AkcRQK7VBKs2dAQhCU1t0LcRyYSbYKrmhDc6ZdniXdUP6u718e1RrtMowJ2wT44BC44AQ1wCZrAAxg8gmfwCt6sJ+vFerc+Jq1zVjmzA/7A+vwBDoSYlA==</latexit><latexit sha1_base64="M6IQyC2DId0YRGGrM3fiLfOZE5I=">AAACBHicbVBNS8NAEN34WetX1KMeFovgqSQiqAeh4MWLUNHYQhPCZrtpl+5u4u5GKCEXL/4VLx5UvPojvPlv3LY5aOuDgcd7M8zMi1JGlXacb2tufmFxabmyUl1dW9/YtLe271SSSUw8nLBEtiOkCKOCeJpqRtqpJIhHjLSiwcXIbz0QqWgibvUwJQFHPUFjipE2Umjv3ZxDvxtLhHNf3Uud+zwLGbwqirxVhHbNqTtjwFnilqQGSjRD+8vvJjjjRGjMkFId10l1kCOpKWakqPqZIinCA9QjHUMF4kQF+fiLAh4YpQvjRJoSGo7V3xM54koNeWQ6OdJ9Ne2NxP+8Tqbj0yCnIs00EXiyKM4Y1AkcRQK7VBKs2dAQhCU1t0LcRyYSbYKrmhDc6ZdniXdUP6u718e1RrtMowJ2wT44BC44AQ1wCZrAAxg8gmfwCt6sJ+vFerc+Jq1zVjmzA/7A+vwBDoSYlA==</latexit><latexit sha1_base64="M6IQyC2DId0YRGGrM3fiLfOZE5I=">AAACBHicbVBNS8NAEN34WetX1KMeFovgqSQiqAeh4MWLUNHYQhPCZrtpl+5u4u5GKCEXL/4VLx5UvPojvPlv3LY5aOuDgcd7M8zMi1JGlXacb2tufmFxabmyUl1dW9/YtLe271SSSUw8nLBEtiOkCKOCeJpqRtqpJIhHjLSiwcXIbz0QqWgibvUwJQFHPUFjipE2Umjv3ZxDvxtLhHNf3Uud+zwLGbwqirxVhHbNqTtjwFnilqQGSjRD+8vvJjjjRGjMkFId10l1kCOpKWakqPqZIinCA9QjHUMF4kQF+fiLAh4YpQvjRJoSGo7V3xM54koNeWQ6OdJ9Ne2NxP+8Tqbj0yCnIs00EXiyKM4Y1AkcRQK7VBKs2dAQhCU1t0LcRyYSbYKrmhDc6ZdniXdUP6u718e1RrtMowJ2wT44BC44AQ1wCZrAAxg8gmfwCt6sJ+vFerc+Jq1zVjmzA/7A+vwBDoSYlA==</latexit>

θ

U 

U 

W
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�  Networks of particles formed because of capillary forces 

 

 

 

 
 

 

�  Connecting the bulk stress with the capillary forces 
 

Impact on the rheological properties? 

19-Jun-18 

Extension to more complex systems 
Multi body systems 

�y = f(�)
Fc

r2

�y

�

r

Yield stress

Particle vol. frac.

Particle radius


E Koos. Capillary suspensions: Particle networks formed through the capillary force. Current opinion 
in colloid & interface science, 19(6):575–584, 2014  
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Dimensionless numbers & parameters 

Relevant dimensionless numbers 
 
 
 
 
 

Surface tension      (water/air:            )    
Viscosity       
 
Re  simulations << 1 
 
Time scales  

Numerical limitations: density ratio /  Viscosity ratio  => Mach number 

19-Jun-18 

� ⇠ 25 to 500 mN m

�1 ⇠ 70 mN m�1

µ ⇠ 10�3 ! 103 Pa s

tv = ⇢L2/µ ts = ⇢UL2/�

M/(LT )

M/T 2
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Navier slip condition 

19-Jun-18 

Slip length vs. 
diffusion length 
 
Connection with 
molecular theory 
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�  Cahn and Hilliard extended the van der Waals theory to binary mixtures (1958) 

19-Jun-18 

Cahn Hilliard vs. van der Waals  

Van der Waals Cahn-Hilliard 

Order parameter  density ρ composition c 

Helmholtz free energy  

Equilibrium condition 

Out of equilibrium 

 
Mass conservation 

 
Capillary Stress tensor 

 

Cahn-Hilliard equation 
(mass diffusion) 

 
 

+ Capill. Stress tensor 

F (⇢,r⇢) = F 0(⇢) +


2
(r⇢)2 F (c,rc) = F 0(c) +



2
(rc)2

µ0(⇢)� r2⇢ = cste µ0(c)� r2c = cste

dc

dt
= Dr2

�
µ0 � r2c

�
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More details on the LB method 

19-Jun-18 

•  Intermolecular force: pressure form vs. potential form







T Lee and PF Fischer. Eliminating parasitic currents in the lattice boltzmann equation method for 
nonideal gases. Physical Review E, 74(4):046709, 2006. 



•  Boundary conditions: have to reflect the macroscopic BCs 











T Lee and L Liu. Wall boundary conditions in the lattice Boltzmann equation method for nonideal gases. 
Physical Review E, 78(1):017702, 2008 




On grid bounce-back (no slip)



 

Normal gradient free on ρ and μ

 (no unphysical mass transfer)


n ·r⇢s = �d s

d⇢s

à Applied on r2⇢

F = r⇢c2s � ⇢r
�
µ0 � r2⇢

�
F = r(⇢c2s � p0) + ⇢rr2⇢
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